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Abstract. Cluster structure in stable and unstable nuclei has been studied. We report recent developments
of theoretical studies on cluster aspect, which is essential for structure study of light unstable nuclei.
We discuss negative-parity bands in even-even Be and Ne isotopes and show the importance of cluster
aspect. Three-body cluster structure and cluster crystallization are also introduced. It was found that the
coexistence of cluster and mean-field aspect brings a variety of structures to unstable nuclei.

PACS. 21.60.-n Nuclear structure models and methods — 23.20.Lv ~ transitions and level energies

1 Introduction

Clustering is one of the essential features in nuclear
dynamics. As already known, cluster structures appear
in light stable nuclei such as 8Be, 12C and ?°Ne. Owing
to recent developments of experimental and theoretical
studies on unstable nuclei, cluster structures have been
found also in light unstable nuclei. For instance, cluster
states have been suggested in neutron-rich Be isotopes [1,
2,3,4,5,6,7,8,9,10,11,12,13,14]. Furthermore, in the
heavier nuclei, the importance of cluster aspect are found
in such phenomena as molecular resonances, which has
been observed in stable sd-shell and pf-shell nuclei.
On the other hand, we should remind the reader that
the mean-field nature is the other essential aspect. It is
important that the coexistence of these two natures, the
cluster and the mean-field aspects brings a variety of
structure to unstable nuclei as well as stable nuclei.

We can see the coexistence of cluster and mean-field
aspects in such stable nuclei as 12C, where the 3a-cluster
structure plays an important role. The ground state is
considered to contain the 3a-cluster and ps/o sub-shell
closure configurations [15]. In the excited states above
the 3a threshold energy, developed 3a-cluster structures
are expected. The 05, 0F and 2] states of '2C have
been discussed in relation to the 3a structure for a long
time [16,17,15,18,19].

In unstable nuclei, a variety of cluster structure ap-
pears, and the coexistence of cluster and mean-field as-
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pects becomes further important. In halo nuclei, He and
1L, the behavior of valence neutrons is described by
a hybrid configuration of the independent single-particle
motion and di-neutron structure [20,21,22,23,24,25]. The
former is a kind of mean-field nature, and the latter is re-
garded as cluster aspect. In the neutron-rich Be isotopes,
a molecular-orbital picture describes well the structure of
low-lying states [4,5,9,26]. 2« core and valence neutron
structure are found in many low-lying states of neutron-
rich Be. The molecular orbitals are formed in the mean-
field of 2a-cluster system, and the valence neutrons are
moving in the molecular orbitals around the 2« core. It
means that a kind of mean-field nature is seen in the va-
lence neutron behavior, and simultaneously the 2a-cluster
core plays an important role to form the mean-field for the
molecular orbitals. In the highly excited states of '?Be,
molecular resonant states with *He clusters have been sug-
gested [12,13,14].

As mentioned above, a variety of structure has been
revealed and it motivates one to extend theoretical frame-
works. In these years, the development of theoretical
framework for cluster structure has been remarkable fol-
lowing the progress of physics of unstable nuclei. Such
cluster models as core+neutrons models and multi-cluster
models have been applied to unstable nuclei. These mod-
els are useful to describe the details of the relative mo-
tion between clusters and motion between core and va-
lence neutrons. In addition to simple cluster models based
on two-body or three-body calculations, extended mod-
els such as stochastic variational method (SVM) [6,10,
20,27], molecular orbital method (MO) [4,5,9,28] and
generator coordinate method (GCM) [24,29,30,31] have
been developed for structure study of unstable nuclei. We
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should give a comment on another important develop-
ment of cluster models concerning studies of resonances
in loosely bound systems. The complex scaling method
(CSM) [21,22,25,32,33], method of analytic continuation
in the coupling constant (ACCC) [34], and R-matrix the-
ory [35] were applied to estimate widths of the resonances
in cluster models.

In most of cluster models, the existence of clusters is
a priori assumed. However, the assumption of clusters
is not necessarily valid for systematic study of unstable
nuclei. Instead, it is important to take into account de-
grees of all single nucleons. In this sense, a method of
antisymmetrized molecular dynamics (AMD) [15,36,37,
38] is one of the powerful approaches which do not rely
on the model assumption of cluster cores. The wave func-
tion of the AMD is similar to the Bloch-Brink model, but
is based completely on single nucleons. Namely, an AMD
wave function is given by a Slater determinant of single-
particle Gaussian wave functions, where all the centers of
Gaussians are independent variational parameters. There-
fore, the degrees of all single-nucleon wave functions are
independently treated. Due to the flexibility of the AMD
wave function, it can describe various cluster states as
well as shell-model-like states. Similar model space has
been adopted in a method of Fermionic molecular dynam-
ics (FMD) [39]. One of the remarkable advantages of the
recent version of FMD is that the effect of tensor force
is incorporated based on realistic nuclear forces in this
framework [40], while phenomenological effective nuclear
forces are usually used in other cluster models.

Owing to the progress of calculations with these mod-
els, the structure study of stable and unstable nuclei has
been now extended to a wide mass number region up to sd-
and pf-shell region, and it reveals the importance of clus-
ter aspect in ground and excited states of various nuclei.
In this paper, we take some topics on cluster aspect in un-
stable nuclei. In the next sect. 2, we focus on the negative-
parity bands in even-even nuclei. The excited states of Be
and Ne isotopes are discussed in relation to cluster struc-
ture. In sect. 3, we report 3a structure in C isotopes and
discuss the mechanism of rigid cluster structure. Finally,
we give a summary in sect. 4.

2 Negative-parity bands in even-even nuclei

As well known, 2°Ne has a 150+ a-cluster structure, which
was confirmed by parity doublets, K™ = Of and K™ = 07
rotational bands. The parity doublets arise from the re-
flection asymmetry of the intrinsic state, which is caused
by 60 + « clustering. Thus, negative-parity bands can be
good probes for cluster structure. It is interesting that an-
other type of negative-parity rotational band with cluster
structure appears in neutron-rich nuclei based on single-
particle excitation of neutron orbitals. In such a state, the
origin of the negative parity is the single-particle excita-
tion. A typical example is the 1p-1h excitation of the va-
lence neutron orbitals in the molecular orbital states. The
negative-parity bands with the 1p-1h excitation have been
suggested in low-lying states of neutron-rich Be isotopes.
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Fig. 1. Schematic figure of the molecular orbitals: the - and
o-orbitals around 2« core (a) and o-orbital around '°0 + «
core (b).

One of the characteristics of those negative-parity bands
is the quanta K™ = 17, which differs from the K™ = 0~
of the parity doublets. In this section, we discuss the
negative-parity bands in neutron-rich Be and Ne isotopes.

2.1 Be isotopes

The low-lying states of neutron-rich Be isotopes are well
described by the molecular orbital picture based on the
2a core and valence neutron structure. In the 2« system,
the molecular orbitals are formed by a linear combina-
tion of p-orbits around the 2« core. In neutron-rich Be,
the valence neutrons occupy the molecular orbitals. The
negative-parity orbitals are called as “m-orbitals” and the
longitudinal orbital with positive parity is a “o-orbital”
(fig. 1). As a result of the formation of molecular orbitals
in Be isotopes, a negative-parity K™ = 1~ band is con-
structed because of the one valence-neutron excitation of
the molecular orbitals in the rotating cluster structure. In
10Be, the K™ = 1~ band is regarded as such a molecular-
orbital band with the one-neutron excitation, which can
be described by a 7wlo! configuration in the molecular-
orbital picture [5,8,9,26].

In 2Be, many rotational bands are theoretically sug-
gested. Figure 2 shows the energy levels of ?Be calcu-
lated by variation after spin-parity projection in the AMD
framework. The energy variation is performed for the J™
eigenstates projected from a single-Slater AMD wave func-
tion. For the k-th J7 state, the wave function is obtained
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Fig. 2. Energy levels of *?Be. The MV1 case 1 force (m =
0.65) + G3RS (u;s = 3700 MeV) force is adopted. The details
of the AMD calculations are explained in [12].

by the energy variation for the component orthogonal to
the lower JT,---, JI_, states. The energy variation is per-
formed by a frictional cooling method (a imaginary time
method). After the variation, we superpose the 22 AMD
wave functions of ?Be determined by the variation for
various spin and parity to obtain better wave functions.
The adopted effective nuclear force is the MV1 (Modi-
fied Volkov) force [41], which contains a zero-range three-
body repulsive term in addition to the two-range two-
body central force, complemented by a two-range spin-
orbit force of G3RS [42] and Coulomb force. The details
of the framework and calculations are given in [12] and
references therein. The theoretical results obtained by the
AMD calculations agree well to the experimental data. We
found three positive-parity rotational bands K™ = Of, 02+
and 07 . The ground band consists of the intruder states
(2hw excited configurations), which are well-deformed
states with the 2a core and the surrounding neutrons. On
the other hand, the normal neutron-shell-closed states be-
long to the K™ = 05 band. It means that the breaking of
neutron magic number N = 8 occurs in ?Be. In the K™ =
04 band, He + SHe molecule-like states are predicted in
the results. The experimentally measured 4% and 67 states
are the candidates of these molecular resonant states.
Next, let us analyze the negative-parity states of
12Be. In the negative-parity states, two bands K™ = 1~
and K™ = 0~ are obtained by the AMD calculations.
The lower one is the K™ = 17 band which consists
of 17, 27, 37, 4= and 5~ states. These states are the
molecular-orbital states, which can be described by the
n30! (three neutrons in the m-orbitals and one neutron
in the o-orbital) configuration of the valence neutrons
in the 2a-cluster system. This K™ = 1~ band is con-
sistent with the molecular-orbital band predicted by von
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Oertzen et al. [26]. On the other hand, we also obtain the
higher negative-parity band (K™ = 07). The K™ = 0~
band is formed by a parity asymmetric neutron structure
of the *He + 8He-like intrinsic state. This band is associ-
ated with the well-known parity doublet K™ = 0~ band
in 2°Ne. Descouvemont and Baye performed GCM cal-
culations of 2Be [30], where ‘He + SHe and “He + 8He
configurations are coupled and the relative distance be-
tween two He clusters is chosen as the generator co-
ordinate. The effective two-body nucleon-nucleon inter-
action was chosen as the Volkov V2 force [43] (m =
045, b = —h = —0.2374) + zero-range spin-orbit force
(So = 30 MeV fm®) + Coulomb. These interaction param-
eters are chosen so as to reproduce the SHe + SHe and
4He + 8He thresholds simultaneously. In the GCM calcu-
lations, they found the K™ = 0~ band with the 8He + a-
like cluster structure, which is consistent with the higher
negative-parity band (K™ = 07) found in the AMD re-
sults. It is concluded that the existence of two negative-
parity bands K™ = 1~ and 0~ is suggested in '2Be. The
K™ = 17 band is the molecular orbital band, while the
K™ = 0~ band is the parity doublet caused by the par-
ity asymmetric intrinsic state. Both bands have developed
cluster structure, however, there exists a remarkable dif-
ference between these two bands concerning the origin of
negative parity. In the K™ = 1~ band, the negative parity
originates from the one-particle excitation of the valence
neutron in the molecular orbitals. On the other hand, the
negative parity of the K™ = 0~ band arises from the parity
asymmetric shape of the intrinsic state. Due to the collec-
tivity, the F1 transition into the ground state is stronger
as B(E1;0f — 15) = 1.0e?*fm* from the K™ = 0~ band
than B(E1;0f — 17) = 0.2e?fm* from the K™ = 1~
band. It is interesting that the lower one is the molecular-
orbital K™ =1~ band which has a kind of mean-field na-
ture in the valence neutron behavior. We consider that the
experimentally observed K™ = 1~ state [44] corresponds
to the band-head state of the K™ = 1~ band.

2.2 Ne isotopes

In analogy to neutron-rich Be isotopes, von Oertzen pro-
posed molecular orbital structure of Ne isotopes based
on the 1°0 + a-cluster core [26]. In the molecular-orbital
picture, the cluster structure may develop when the va-
lence neutrons occupy the molecular o-orbitals, which cor-
respond to longitudinal fp-like orbits (fig. 1). In 22Ne,
they proposed a developed cluster structure where two
valence neutrons occupy the o orbit. As a result of the
development of cluster, the parity doublet K™ = 0~ band
arise from the parity asymmetric structure of the 10+ a-
cluster core. We performed the AMD + GCM calculations
of 22Ne with Gogny D18 force. The deformed-base AMD
wave functions are used, and the constraint on the oscilla-
tor quanta of the deformed harmonic oscillator is applied
in addition to the constraint on the deformation parame-
ter 3. We find that the parity doublet K™ = 0% and 0~
bands arise from the developed 60 + « core with two va-
lence neutrons in the o-like orbital in the excited states
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Fig. 3. Density distribution of *Ne. The density of the in-
trinsic states of the ground band is illustrated in panel (a).
Panel (b) shows the density in the K™ = 0~ band with valence
neutrons in longitudinal o-like orbitals. The middle and top
figures in each box show the density distribution of the single-
neutron wave functions of the highest single-particle level. The
matter density of the total system is displayed at the bottom
of the box.

below the O + « threshold energy. In fig. 3(b), we show
the developed 6O + « cluster and the single-particle orbit
of the last valence neutron, which is consistent with the
molecular o-orbital around the O + « core (fig. 1(b)).
The details of the AMD calculations of 22Ne will be pub-
lished in a future paper.

Recently, Rogachev et al. observed the a-cluster states
in negative-parity bands which start from the 1~ state at
12MeV excitation energy of ??Ne [45]. These negative-
parity states above the ¥0 + o threshold energy can be
associated with the developed '®O + a-cluster structure.
The microscopic calculations of the excited states of 22Ne
were performed by Dufour and Descouvemont by using the
GCM method within a 80 + a-cluster model [46]. They
chose the inter-cluster distance as the generator coordi-
nate, and incoorporated many *O-+a channels by defining
the 180 internal wave functions in the s, p, and sd shell-
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model configurations. The effective interaction was chosen
as the Volkov V2 force (m = 0.6259) + zero-range spin-
orbit force (Sp = 30 MeV fm®) + Coulomb. The negative-
parity bands with the developed 8O + a-cluster states
are found in the results of the GCM calculations. These
negative-parity states in the parity doublet band exist in
the energy region above 180+« threshold energy (9.7 MeV
excitation energy of 22Ne), which is consistent with the
observed a-cluster states [45]. These theoretical and ex-
perimental works suggest that the 180 + a-cluster bands
appear above the 0 + o threshold, while the molecular-
orbital bands with the developed %0 + « cluster and two
neutrons in the molecular o-orbital may exist in the lower-
energy region than the %0 + a-cluster bands.

Next, we discuss a further neutron-rich nucleus, 3°Ne.
The AMD +GCM calculations of 3°Ne with the deformed-
base AMD wave functions [38,47] have been performed
by Kimura et al. [47] The deformation parameter 8 was
chosen as the generator coordinate. As is usually done
in the GCM calculations of Hartree-Fock (HF) frame-
work, the AMD wave functions obtained by the varia-
tion with the constraint on the 3 value were projected
to the spin-parity eigenstates, and were superposed. The
effective nuclear interaction was chosen as the Gogny D1S
force [48] and Coulomb. In the results, many low-lying
bands have been predicted. They found that the ground
band of 3°Ne is dominated by 2hw configuration, which
indicates the breaking of magic number N = 20. The re-
sults suggest 4hw state with a 4p-4h neutron configuration
appear in the low-lying O; band (the excitation energy
E,(0F) = 4MeV). The 4p-4h state has a parity asymmet-
ric proton structure which indicates the developed *O+a-
cluster core. One of the striking results is the prediction
of a low-lying K™ = 1~ band with a 3p-3h neutron config-
uration. The structure of the K™ = 1~ band is described
by the excitation of neutrons in the deformed mean field.
The excitation energy of the band-head 1~ state of the
K™ = 17 band is predicted to be less than 3MeV. It is
surprising that such many-particle many-hole states may
exist in low-energy region of 3°Ne. These results indicate
the softness of neutron N = 20 shell, and point the im-
portance of neutron excitation in the deformed mean-field
in neutron-rich nuclei.

3 Three-center clustering and cluster
crystallization

As mentioned before, the 3a-cluster structure is known
in 12C. The 3a-cluster states with a triangular shape and
linear-chain structure have been discussed for a long time.
Recently, Tohsaki et al. proposed a gas-like dilute 3« state
and succeeded to describe the properties of the 03' state of
12C with Bose-condensed wave functions of 3 a-particles.
In the experimental side, the broad resonances at 10 MeV
are recently assigned to be Ogr and 23‘ states, which are
candidates of 3a-cluster states.

In neutron-rich C isotopes, three-center cluster struc-
tures with the 3a-cluster core are expected to exist
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Fig. 4. Schematic figures for cluster structure in *2C(07) (a),
11C(35) (b), neutron-rich Be with the molecular o-orbitals (c),
neutron-rich Ne with the o-orbitals (d).

in the excited states. Possible linear chain structures
were suggested to appear in highly excited states of 16C
and °C [26,49,50]. In '*C, Ttagaki et al. proposed an
equilateral-triangular shape with 3« core in K™ = 3~
band which is stabilized by excess neutrons [51]. They per-
formed molecular orbital model calculations of 4C with
3a and excess neutrons. In the model, the molecular or-
bitals around the 3« core are introduced, and the excess
two neutrons occupy them. With respect to the positions
of 3« clusters and configurations of the valence neutrons,
the spin-parity projected wave functions are superposed
by the diagonalization of Hamiltonian as is done in the
GCM method. The Volkov V2 force complemented by a
two-range spin-orbit force of G3RS were used in the cal-
culation of MC. In their calculations, it was found that
the excess neutrons distribute in the gap space between «
cores. As a result, the triangular configuration of 3« is sta-
bilized, and the K™ = 3~ rotational band is formed due to
the Dgj;, symmetry. It should be noticed that the neutron
configuration in the orbital given by the linear combina-
tion of the molecular orbitals on the a-a bonds is impor-
tant in the K™ = 3~ band. The experimentally observed
35,47 and 5] states are the candidates of the members of
this K™ = 3~ band. Comparing the gas-like 3o structure
in the 05 of 2C, the triangular shape of the 3o becomes
more rigid due to the valence neutrons in 4C. Itagaki et
al. named this phenomenon as “a crystallization”.

The mechanism of rigid cluster structure is understood
as follows. In case of 12C, 3« clusters are weakly bounded
and can move freely in the cluster states above the 3«
threshold energy (fig. 4(a)). When two neutrons are added
into those 3« states, the valence neutrons move around the
a cores and occupy the gap space between a cores (see
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fig. 4(b)). As a result, the a clusters cannot freely move
because the motion of the « clusters are forbidden due
to the Pauli blocking between the valence neutrons and
the neutrons inside the « clusters. Thus, the 3« clusters
are crystallized to form the triangular shape in 4C. Ita-
gaki’s idea of “cluster crystallization” can be also applied
to two-body cluster states as well as the 3a-cluster states.
As mentioned before, the developed cluster structures are
suggested in neutron-rich Be and Ne isotopes which have
a + a-cluster and 90 + a-cluster cores, respectively. Es-
pecially, the remarkable enhancement of cluster structure
is expected when the valence neutrons occupy the lon-
gitudinal molecular orbitals, namely, the o-orbitals. The
o-orbitals have nodes along the longitudinal axis. It is im-
portant that the valence neutrons in o-orbitals occupy the
gap space between the core clusters (fig. 4(c) and (d)). As
a result, when the core clusters approach to each other,
they feel repulsion against the valence neutrons in the gap
region because of Pauli blocking. In other words, due to
the existence of the valence neutron in the gap space, the
core clusters cannot move so freely and are kept away.
Thus, the cluster structure is enhanced.

It is concluded that the valence neutrons in molecu-
lar orbitals play important roles in the cluster states of
neutron-rich nuclei. The valence neutrons bound the clus-
ters more deeply, and may make the spatial configuration
of clusters more rigid.

4 Summary

The recent development of theoretical and experimental
studies revealed that the cluster aspect is an essential fea-
ture in unstable nuclei as well as stable nuclei. The coex-
istence of cluster and mean-field aspects brings a variety
of structure to unstable nuclei. We reported some topics
concerning the cluster structure of unstable nuclei while
focusing on the negative-parity bands of even-even nuclei.
In the low-lying states of neutron-rich nuclei, the mean-
field aspect of the valence neutron behavior is found to be
essential. The negative-parity rotational bands appear in
the low-energy region due to the particle-hole excitation
in the deformed neutron mean-field. On the other hand, in
high-energy region, there may exist negative-parity states
in the parity doublet bands which are caused by asym-
metric intrinsic shapes. In Be and Ne isotopes, developed
cluster structures with 2a-cluster and '°O+-a-cluster cores
were suggested, while 3a-cluster structures were predicted
in C isotopes in many theoretical studies. The valence neu-
trons in the molecular orbitals play an important role to
stabilize cluster structure.
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Research Organization (KEK). This work was supported by
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